Introduction
By a classical result of Baer [Ba] , the ring Z[[X]] of formal power series is not a projective Z-module. In this paper we show that more generally for any noetherian ring A of dimension at least 1 the ring A[[X]] is not a projective A-module, see Theorem 2.1. On the other hand we will deduce in Theorem 2.3 that any flat module B over a local noetherian ring (A, m) behaves like a projective module with respect to m-adically complete modules M in the sense that Ext . In Proposition 3.1, we apply Theorem 2.3 to show that these isomorphisms still prevail, as long as B is flat over A and M is a complete module over B (e) . Next assume that A → B is a flat morphism of complete local rings with isomorphic residue fields. Using complete tensor products one can introduce the completed Bar-resolutionB • to define an analytic version of Hochschild cohomology HH p (B/A, M ) as the cohomology of the complex HomB (e) (B • , M ). As an application of the preceding results we will show in Section 3 that in analogy with the isomorphisms above there are as well isomorphisms
Complete modules and projectivity
By a result of Baer [Ba] Indeed, if F = a i X i is in Z then there is a sequence of numbers n i with a i ∈ m ni and lim n i = ∞. We may assume that n i ≥ 1 for i ≥ k. Thus, if f 1 , . . . , f n is a system of generators of m as an A-module, then for i ≥ k we can write a i = n j=1 a ij f j with a ij ∈ m ni−1 , whence
where
were a projective A-module. It is then in particular contained in a free A-module A (I) . Restricting the inclusion to Z will then yield
As A[X] is free on a countable basis, the image of
By ( * ) above, mM = M , whereas k≥0 m k A (I\J) = 0, whence ϕ is necessarily the zero map and so already Z ⊆ A (J) . On the other hand, if t ∈ m is a nonzero element, then the A-linear map
can as well be realized as a submodule of A (J) . We now show that this is impossible.
Indeed, if A is uncountable, then the formula for Vandermonde's determinant yields that the power series
. Hence, with K the field of fractions of A, the vector space A[[X]]⊗ A K has uncountable dimension over K contradicting the fact that it can be embedded into the countably generated vector space
] is uncountable using Cantor's argument. Hence we obtain the desired contradiction concluding the proof that A[ [X] ] cannot be projective.
Remark 2.2. 1. A minor variant of the argument shows as well that for an analytic algebra A over a valued field, the convergent power series ring A{X} is neither projective as an A-module.
2. As pointed out by Avramov, if R is a non-local domain and ifR is its completion with respect to some maximal ideal m ⊆ R, thenR is as well not projective as an R-module. In fact, if a ∈ R\m is not a unit then R/aR = 0 whereasR ⊗ R R/aR ∼ =R/aR = 0. HenceR is not faithful as an R-module and so cannot be projective.
This shows in particular directly that A[[X]], or A{X} in the analytic case, is never a projective R = A[X]-module.
As was shown in [Ba] , the group Ext
, T ) vanishes whenever T is a finitely generated torsion Z-module or, even more generally, T is of bounded torsion. We will supplement this observation by the following fact. Proof. The lemma is certainly true if m = 0, as then A = A/m is a field. In the general case, consider a flat A-module B and elements F i ∈ B, i ∈ I, whose residue classes form a basis of B/mB as a vector space over A/m. Let us show that these elements then form a basis of B as an A-module. If B ′ is the submodule generated by these elements then B/B ′ = m · (B/B ′ ) and so
Thus, the elements F i generate B, and we now show that they are also linearly independent. For B is flat, and, if K = ker(A (I) → B) denotes the kernel of the map defined by the 
As the complex on the right has cohomology Ext p A (B, M ), the claim ( * ) follows. Flatness of B over A implies that B/m n B is flat as an A/m n -module, whence the lemma is a consequence of ( * ) and Lemma 2.4.
Finally, recall the following simple fact.
Lemma 2.6. Let A be a ring and {f n : H n+1 → H n } n≥0 an inverse system of A-modules with surjective transition maps f n . Setting H := n≥0 H n , the map f : H → H with (h n ) n → (h n − f n (h n+1 )) n is surjective and has kernel lim ← H n . 
Now we turn to the
M n -0 , see 2.6. Applying Hom A (B, −) gives the long exact Ext-sequence
is surjective. However, this is immediate from Lemma 2.6 as the transition maps
are all surjective by Lemma 2.5. Z (B, Z) implies that the module B is free. As was shown by Shelah, this depends on the model of set theory used, see [Sh] .
(2) We do not know whether a result similar to Corollary 2.7 also holds in the analytic category. More precisely, let A → A ′ be a homomorphism of analytic algebras over a valued field and B a finite A ′ -module that is flat over A. It is natural to ask whether then Ext p A (B, M ) = 0 for all finite A-modules M and all p ≥ 1.
Hochschild cohomology of complete algebras
Let us first recall the definition of Hochschild cohomology of a morphism of commutative rings A → B. Denoting B ⊗n the usual n-fold tensor product over A, the bar resolution
provides a resolution of B as a B (e) := B ⊗2 -module, see [CE] or [Lo] . Note that this resolution is flat, respectively projective over B (e) 
